x n+1 = P k (x n ) = a (n 1 ,1) a (n 1 −1,1) ...a (0,1) b 1 a (n 2 ,2) ...a (0,2) b 2 ...a (nr,r) ...a (0,r) b r Such that (a (n j ,j) ...a (0,j) ) k = |x n | b j , 1 ≤ j ≤ r with |x n | b j = 0, 1 ≤ j ≤ r and b 1 > b 2 > ... > b r . Note that (a (n j ,j) ...a (0,j) ) k is the uniquely defined natural number by base k representation. For example, given x 0 = 123 ∈ Σ Proof. Note that there exists a finite number of words of a given length l ∈ N,so it suffices to show that the sequence terms are bounded in length. Also, note that the numbers letter of x n+1 ∈ Σ k is given by:
But by definition:
Therefore:
Since
Meaning (1) implies in:
Therefore, for |x n | >
, we have that:
implies that
This result also tells us |x n | ≤ ⌈α k ⌉ for all n > N ∈ N sufficiently large.
Thus one would only need to check for words of length less than ⌈α k ⌉ for fixed points in Σ * k . Since there are k letters in Σ k , that results in a total of
different words, meaning the number of words to be tested grows exponetially with k. In light of that, Theorem 2 reduces the number of words to be tested, as follows.
k be a fixed point of the sequence defined by x n+1 = P k (x n ), such that: 1) a (n 1 −1,1) ...a (0,1) b 1 a (n 2 ,2) ...a (0,2) b 2 ...a (nr,r) ...a (0,r) b r Where a (i,j) ∈ Σ k , ∀i < n j and a (n j ,j) ∈ Σ k − {0} e 0 ≤ n j ; 1 ≤ j ≤ r. Then:
Proof. Initially, note that:
Also, since x is a fixed point, P k (x) = x, therefore:
And 1 ≤ a (n j ,j) implies that:
This result can be generalized into the following: Denote by x i para i = 1, ..., p be the words contained in a p-cycle, such that, for i = 1, ..., p:
Proof. Analogous to the previous proof.
As a consequence from these results, we can easily calculate all the fixed points and cycles in a given alphabet. Therefore, it follows: Corollary 1. The sequence defined by x n+1 = P 2 (x n ), converges to the fixed point: x = 1001110, for all x 0 ∈ Σ * 2 , except for the fixed point x 0 = x ′ = 111.
Proof. It is easily checked by exasution that that is the case
Conclusion
The paper succed in proving simple, yet fundamental results about the Pea Pattern sequence. The autor believes that the next steps should be in finding better conditions for fixed points, aiding their numerical computation.
